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Abstract. A class of generalized complex polynomials of Hermite type, suggested by a special 
magnetic Schrodinger operator, is introduced and some related basic properties are discussed. 

o 

(N 

1. Introduction 

3 ! 

^ . Let C be the space of complex numbers z = x + iy; x, y G M, and denote by d/dz and d/dz* 
^ ■ the derivation with respect to the variable z and its conjugate z* , respectively; i.e., 

d 1 / d . 9 \ d 1 / d . d 

<T^ ■ dz 2\dx dyJ dz* 2\dx dy 

^ \ For given fixed v > and £ G C, we set = S u ^(z) = vz + £ and then consider the elliptic 
selfadjoint second order differential operator given explicitly in complex coordinate z by 

K . d 2 _ d _ a 



o 



Note that for £ = 0, it gives rise to the special Hermite operator £ v (called also twisted 



CO 
> 

\Q , Laplacian), 



which describes in physics a nonrelativistic quantum particle moving on the plane under the 
^ ; action of an external constant magnetic field applied perpendicularly. The associated eigen- 



functions are known to be expressible in terms of the complex Hermite polynomials [31 [HE], 



am+n 

'<2\ H m ' n (z,z*) := (-l) m +« e W 2 — — e -\*\\ (1.2) 

Such polynomials form a complete orthogonal system of the Hilbert space L 2 (C; e~ u ^ 2 d\), 
where dX being the Lebesgue measure on C, and appear as an essential tool in many area of 
mathematics and physics. They have been studied by many authors, notably by Shigekawa [3], 
Thangavelu [4], Wiinsche [5], [6], Dattoli [1] and more recently by Intissar and Intissar [2]. 
Our aim in the present paper is to discuss some basic properties of a general class of com- 
plex polynomials 8™' n (z, z*\£) of Hermite type suggested by the Laplacian £^ such that the 
associated functions 

C' n (z, z m \t) = e- L *** s ^<5™> n (z, z*\£), 

are solutions of the eigenvalue problem £ U £ip — A^/S f° r ^ £ C°°(C) and /i G C. More pre- 
cisely, we show that the involved polynomials satisfy the Rodriguez type formula (12.71) and can 
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be expressed as binomial sum of the complex Hermite polynomials (11.21) . see identity (13 . 1 [1 . 
Other properties of these polynomials such as three-term recursion relations and differential 
equations which they obey are obtained in Section 3. Also the generating function as well as 
the explicit series expansion and representation by the means of the confluent hypergeometric 
function, Laguerre and complex Hermite polynomials are derived (Section 4). Furthermore, 
the weak orthogonal property of these polynomials is discussed and their norms are explicitly 
determined (Section 5). We conclude by giving some new identities for the usual complex Her- 
mite and Laguerre polynomials and by illustrating some obtained results making use of matrix 
representation (Section 6). 



2. A Rodriguez type formula for (25™' n (z, z*\£) 



In this section we introduce the polynomials (9™ ,n (,2, z*\£) using a classical approach (see for 
instance [4]). For fixed v > and £ G C, we denote by 21^ and 21* ^ the first order differential 
operators given respectively by 

d 1 



21 



and 21^ = -fa + 2^, 5 , 



where S V) g(z) = vz + £. Then, one check easily the following algebraic relationships 

1 _ „ 1 



(2.1) 



Hence, it can be shown that the null space, ker(2l I/) ^) = {tp G C°°(C); 2l I/) ^0 = 0}, of the operator 
21^ coincides with the eigenspace 

8 (£ u4 ) := G C°°(C); £„,^ = 

and therefore the functions ip^(z,z*) given explicitly by 

**) : = 2 m e -5 2 *^.e = z m e -|H*|>+ez«). m = o, 1, 2, • • • , 

span linearly £o(£^)- Moreover, the functions 

C n (z,z*\o : = [[2iy>-J (*,**), 



are eigenfunctions of £ u £ with (the Landau levels) v(n + |); n = 0, 1,2, 
eigenvalues. The involved operator [21* is given by 



(2-2) 

(2.3) 
as corresponding 



_l)n e %zS Vi( 



. .9" 



e 2 zo ^,«^ 



Hence, one can rewrite the functions Q™' n (z, z*\£) as follows 

<9" 



fl m ' n (,2, z*\£) = ( l) n c ~^ 2 ' >5, ^' ? c iy l z l 2+5Re ^'^ ^ c -Hf-fc( 2 ,() 



-1)V 



dz" [ ' 



(2.4) 
(2.5) 
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and introduce <3™' n (z, z* |£) to be the polynomial of degree m in z and degree n in z* defined 

by 

<5™' n (z,z*\0 = e^ s ^C' n (z,z*\0 



Thus, we have 



1 -^(z m e-^ 2 -^). (2.6) 



Proposition 2.1. The polynomials <5 m ' n (z, z*) satisfy the following Rodriguez type formula 

( — ~\ )m+n » am+n . « . 

^wio = + ^^4 e ~ Hz| " V2 )- (2 - 7) 

The above expression can serves as definition for this class of complex polynomials of Hermite 
type. 

Definition 2.2. We call <3™' n (z, z*\£) redefined by ( TJi 7IJ generalized complex Hermite polyno- 
mials (GCHP). 

Remark 2.3. For ^ = and v — 1, i/ie polynomials <8™' n (z, z*\0) reduce further to the complex 
Hermite polynomials H m ' n (z, z*) as given by j fi.jjjj . 

3. Related basic properties 

In this section we investigate some properties of the polynomials <S™' n (z, z*\£) introduced 
above. We begin with the following 

Proposition 3.1. The polynomials (5™' n (z, z*\£) satisfy the following identity 

Proof. The proof of (I3.ip relies essentially on (I2.7p . Indeed, it follows by rewriting the polyno- 
mial <&™' n (z,z*\£,) as 

I i\m „ am , c* c* \ 

am , C* \ 

v ) dz* m \ K 2v' J 
and next by making use of the binomial formula to expand (z* + |-) ■ 

Furthermore, we have 

Proposition 3.2. The polynomials <3™' n (z, z*\£) satisfy the following three-terms recursion 
relations 

<5™' n+1 (z,z*\0 = -m«r 1,B (^^IO + (^* + y (3-2) 

^ 1 ^,z*|0 = -n^ 1 (z,z*|0 + ^ n (ar,^IO- (3-3) 
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Proof. By applying the operator (— l) n+x e I/ \ z \ 2+ ? z d n / dz 11 to the both sides of the following 
elementary fact 

9 a\ z?+b = m ^ m _i e0k |a+te + / * + b .m e a\z\l+bz 

OZ 

with a = — v, b = — £/2, and the use of (12.71) one obtains f 13.2fl . 
Equation (13.31) holds by equating the right hand sides of 

2-^<&™> n (z,z*\0 = z<5™> n (z,z*\0 - <S™ +1 ' n (z,z*\0. (a) 

and 

2-^<5™' n (z,z*\0=n<5™' n - 1 (z,z*\0. (b) 

The fact (a) is obtained by differentiating both sides of the Rodriguez type formula (12.71) with 
respect to £*. While (b) can be handled from different ways, particularly by the use of the 
identity ( 13. ID or also from the generating function (14.121) given below. ■ 



Remark 3.3. i) Combination of 113.2$ and 113. 3\) yields 

(m-n)<5™' n (z,z*\0 = -z<8™> n+1 (z, z*\$ + (uz* + ^-)^ +1 ' n (z, z*\0- (3.4) 
From which we deduce 

z(5™' m+1 (z,z*\0 = (vz* + ^-)^ +1 ' m (z,z*\0. (3.5) 

ii) By taking £ = and v — 1 in the previous obtained recursion relations (3.2\) - [3~h*\) . one 
deduce the following ones for the usual complex Hermite polynomials [H Eqns in (2.9)], 

H m ' n+1 {z,z*) = z*H m ' n (z, z*) - mH™- 1 ' 71 ^, z*) 
H m+1 ' n (z, z*) = zH m ' n (z, z*) - nH m ' n -\z, z*) 
(m - n)H m ' n (z, z*) = -zH m > n+1 (z, z*) + z*H m+1 ' n (z, z*) 
zH m ' m+1 (z,z*) = z*H m+1 ' m (z, z*). 

Now, using (|3.2p and (|3.3p . one can show that the polynomials <8™' n (z, z*\£) obey second and 
first order differential equations. Namely, we have 

Proposition 3.4. The polynomials <5™ ,n (z, z*\£) are solutions of the following second order 
differential equations 

d 2 d d 2 f* d 

+ vz— = vm and — — — h (vz* + — )t; — = vn. (3.6) 



dzdz* dz dzdz* 2 dz* 

Therefore, they satisfy the first order differential equation 

d d 

uz d^~^ z * + ~2* ) ~dz ; = ^ m ~ n) - ^ 

Proof. To get the first equation in (|3.6I) . we differentiate (|3.3I) w.r.t. the variable z and next 
use the well established facts 

^-&™ +1 ' n (z,z*\0 = (m + l)^ n (z,z*\0 (c) 
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and 

nu^ n -\z,z*\0 = ^r(vle). (d) 

The second equation in (13.61) can be handled in a similar way making use of (13 . 21) . It can also 
be obtained from the fact that the functions 

C' n (z, z*\0 = e-^ s ^<S™' n (z, z*\0; m = 0, 1, 2, • • • , (3.8) 

are eigenfunctions of the magnetic Schrodinger operator £ u> £ given by (11.11) with v{n + |) as 
associated eigenvalues. ■ 

Remark 3.5. From Eqns (b) and (d), we deduce that 

^®?' n (z,z*\0 = 2v^®^( Z ,z*\0. (3.9) 

4. Expansion series and relationship to some special functions 

We begin by realizing the polynomials <5™ ,n (z, z*\£) as iteration of the monomial z m via a 
first order differential operator. Precisely, we have 

Proposition 4.1. The polynomials <3™' n (z, z*\£) are the excited states of z m by the first order 
differential operator — + vz* + Precisely 

L + vx ? + £\ (z m ) = <S™< n (z,z*\0. (4.1) 

Proof. The above assertion follows by successive application of the following fact 

f-^- + uz* + (z,z*\0 = &j k+1 (z,z*\0 (4.2) 

with j — m and k — 0, keeping in mind that <S™'°(z, z*\£) = z m . Note here that (14. 2D is in fact 
equivalent to the recursion relation (13.21) thanks to Eqn. (c). ■ 

Remark 4.2. The result ( |^.-?| ) is similar to the one obtained in [2j Eqn. (2.2)] for the complex 
Hermite polynomials H m ' n (z, z*). 

Therefore, for every positive integers m,n, we deduce easily from (14.11) (or also ( 12.71) ) that 

<5™>°(z,z*\0 = z m (4.3) 

e* R (z,3f\t)=(vf + £y. (4.4) 

Also for every given integers m > 1 and n > 1, one obtain 

r 



m 



^* \ n 1 r / ' 



<5l' n (z,z*\0=(vz* + ^y \z(vz* + ^-)-n 
More generally, the expansion series of the GCHP is given by 



(4.5) 
(4.6) 
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Proposition 4.3. Denote by m Y n the minimum of m and n. Then 

0^ (z, *10 = ™!n! £ ( , J * + 2 , (4.7) 

~ V- [m-j)\ {n-j)\ 

which we rewrite also as 

<&™> n (z,z*\0=(-irm\n\^x (4.9) 

(-u) 1 z l z* k (£*/2v) n - m+l - k 



V 

m l+n—m 

x x 



E E 



(m-l)\l\ kl (n-m + l-k)\' 

!=m-(mYn) A:=0 v y v y 

Proof. Such expansion series can be obtained by direct computation using ( 14.11 ) or also (12.61 ) 
together with the application of the Leibnitz formula for the n th derivative of a product. ■ 

Remark 4.4. The monomial of the lowest degree in the expansion above of (5™' n (z, z*\£) is 

I i \itiTti ( m ^ n )' ( £\ n -( mYn ) m _( TO Yn) 

1 J |m-n|K2/ 

where m X n denotes the maximum of m and n, so that the analogue of the Hermite numbers 
for these polynomials are 

{0 if m > n 

(-l) m ml if m = n . (4.10) 

(-l) m n! (g J /2)n " m if n>m 
\ / (n— m)\ ■' 

We conclude this section by pointing out, from (I4.TI) . that the polynomials <5™' n (z, z*|£) are 
linked to the complex Hermite polynomials by 

<5™> n (z, z*\0 = H m ' n (z, vz* + |) = h m>n {z, vz* + || - 1), (4.11) 

where the notation h mjn (z, z*\r) is used by Dattoli in [T| to mean 



h m , n (z,z*\T) := mini ^ 



j! (m- j)l (n-j)l' 

We should note here that the most established properties of the polynomials <3™' n (z, z*|£) 
can be deduced formally by replacing z* by z/z* + y in the different known properties of 
H m ' n (z, z*) = h mtn (z,z*\ — 1). But in general there is no reason to the obtained results be a 
strict consequence of the prescription z* vz* + y. Nevertheless, one can deduce from [U 
Eq. (31)] the following generating function, which can be handled directly using the Taylor 
expansion series of the function on the right hand side. 

Proposition 4.5. We have 

m! n! 



oo oo 



YY— T%®„' n (z,z*\0 = e uz+v ^+^- uv (4.12) 



m=0 n=0 
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Furthermore, using the dependence (14.111) (or Eqn. (EEJ) together with the fact [2, Eqn. (2.3)], 
one can check that the <S™' n (z, 2*|£) can be written also in terms of the confluent hypergeometric 
function iFi(a; c; x), 

„ , . r(c) *^ r(a + ?) s- 7 

as follows 

Proposition 4.6. We nave 

(_ 1 ) mYn (m Y t? ^1 ' f* 

(5™> n (z,z*\Z) = - 1 ,, >' z {mXn) - n (vz* + 5-){™*»)-™ x 

\m — n|! 2 

x iFi(-(m Y n); |m - n| + 1; H- 2 ! 2 + y*). (4.13) 

Remark 4.7. Using the known fact 



r (s + i)r(c+ i) 

T(s + c+l) 



iFi(-s; c + 1; x) = ' I L s( x ) '■ « = 0, 1, 2, • • • , 



one can express the polynomials &™' n (z, z*\£) in terms of the Laguerre polynomials L c s (x) as 
&? n {z,z*\£) = (-l) mYn (m Y n)\ Z ( mXn) - n (vz* + i_)(™^)-™ x 

xtt l Hz| J + ^). (4.14) 

5. Weak orthogonality. 

Denote by dX the Lebesgue measure on C. Let u> be a positive weighting function on C and 
define (/, g) w by 



(f,g) u := I f(z)[g(z)]*co(z)dX(z). (5.1) 

Then, we state 



c 



Proposition 5.1. Suppose that the system {(& m ' n := (3™ ,n (-, -|£)}^1 satisfies the weak orthog- 
onal property 

(0 m ' n , J '' fc )^ = 0, wnenewer n^fc. (5.2) 

Then the following identities hold 

(z<5 m > n ,&> k ) u = 0; k^n and k^n-l (5.3) 

(z<5 m ' n , &> n ) u = ((3 m+1 ' n , &> n ) u (5.4) 

(z<5 m ' n+ \ J '' n ) w = (n + l)<0 m ' n , 0* n ) w (5.5) 

Remark 5.2. iVoie £na£ one obtains by conjugation similar identities to $5.3\) . |5.^[ ) and ( f5. 51) 
id^/i ,2* instead of z. 
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Proof of Proposition 15.11 By multiplying both sides of the three-term recursion relation (13.31) . 

<5 m+1 ' n {z,z*\0 = z<5 m > n {z, z*\£) -n0 m ' n - 1 ( z , z*\£), 

by [(J5 J,fc ]* and integrating over the whole C w.r.t. ud\, we get 

(<5 m+1 ' n , &> k ) u = (z<8 m ' n , &> k ) u - n<0 m ' n - 1 , &' k )^. (5.6) 

Next, using the weak orthogonality assumption (15.21) . together with (1 5 . 6 ft . we deduce easily 
the first one (|5.3p . Identities (15.4p and (15.5P are obtained by taking respectively k = n and 
k = n — 1 in ( I5.6p and applying again (15.21) . ■ 
Thus, making use of the recursion relation (13.2p as well as of the above obtained identities, 
under the assumption (15 . 2f) . one gets the following 

v(<5 m ' n , ® j+1 ' n ) w + ^(<3 m ' n , &' n ) u = m(<5 m ~ l < n , <5 j ' n ) w (5.7) 
v(z*<5 m ' n , &' n+1 ) w = <(S m ' n+1 , &' n+1 ) w (5.8) 
u(n + l)((3 m ' n , &' n )^ = (<5 m > n+1 , &' n+1 ) u . (5.9) 

As consequence (together with the use of Proposition 15 . lh . we obtain useful identities for the 
norms. More precisely, we have 

Proposition 5.3. Assume the weak orthogonality assumption (E3j to be satisfied by the set 
{(3 m,n := C5™ ,n (-, -|£)}^Lo f or ever "!J fixed integer m. Then we have 

l ) \\ &m ' n+1 \\l = " n+1 ( n + l)!||0 m ' O ||„- (5-10) 
ii) y(0 m,n ,0 m_1,n ) u = v n n\(m\\<5 m - lfi \\l - ^||© m '°||^). (5.11) 
in) The considered system is orthogonal if and only if £ = 0. 
Proof. Putting j = m in (|5.9I) infers 

u(n + l)\\(5 m ' n \\l = ||<5 m '™ +1 ||^ 
Hence repeated application of the previous fact yields 

|| m,n+l||2 = v l+l, +l \ n ..t n+l _ n\\^m,n-l\^ 

II \\U) v ' v 'II \\U) 

for every positive integer I <n. In particular for I = n we get the asserted result (15.101) . While 
the result (15.1ip in ii) holds by substitution of ( 15.1 Of) in 

I/ ||0m,ni|2 + S_/ (& m,n <gm-l,n\ = 1 1 m-l,n 1 12 ,5-^ 

that follows from ( 15.71) for the specified value j — m — 1. 

For iii) suppose that {<& m ' n }^ n=0 is orthogonal, i.e., (<3 m ' n , ^ ,k ) u = whenever m ^ j or 
n ^ k. Then (15.7P reduces further for j — m to Yll^ m '™Hw = ^> an< ^ therefore £ = 0. The 
converse is obvious, indeed for £ = 0, the polynomials (J5 m,ri reduce to the complex Hermite 
polynomials H m,n which are known to form an orthogonal system w.r.t. the Gaussian measure 
e'^dX. m 
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Remark 5.4. According to the classical fact that eigenf unctions associated to different eigenval- 
ues of a Hermitian operator are orthogonal, we conclude from (Ej|) that for every fixed positive 
integer m the set {<25™' n (-, -|£)}^=o ^ s orthogonal w.r.t. the weighting function u (z) = e~^ e \ z,s ^l . 
Hence, the weak orthogonality assumption ( f 5. 2) is satisfied and therefore related identities (Ej|)- 
(EUP hold. 

Now, let denote by || ||^ the norm corresponding to uj(z) = e~^ e ( z ' s "^ . We then assert 

Proposition 5.5. The norm of the GCHP, <3 m ' n , w.r.t. \\ \\ u ^ is given explicitly by 

v n l£l 2 
We^Wlj = m\n\n—F(m + 1; 1; (5.13) 

where F( ) denotes the usual confluent hypergeometric function. 

Proof. The result in such proposition is a particular case of the following Lemma, whose the 
proof can be handled by straightforward computation. ■ 

Lemma 5.6. Let C^-(£) stands for 

/~iu i £\ ( 1) J max(?TT., j)\TT £max(m,j)—j f*max(m,j) — m 

^m,j\s,) ■- umax ( m ,j)+l2\m-j\n m ? 

Then, we have 

(<5™'°,&j )^ = J z m z* 3 e- u ^ 2 -^ e{z ^d\(z) 

= C^.(0F(1 + max(m, j)- 1 + \m-j\- ^-). (5.14) 

Remark 5.7. i) For the particular case of v = 1 and £ = 0, we recover from $5.13\) the known 
fact that ||if m ' n || 2 = mlnln for the complex Hermite polynomials [2]. 
ii) By combining $5.13\) and $5.11]) . we conclude that 

(«""". e-">^ = (FK li |f ) - F(m + 1; 1; If )) . (5.15) 

Hi) The explicit expression of ,&j ) V £, given through {5.1$ , proves (again) that the 
family {<5™' n (-, -|0}m,n=o is not orthogonal w.r.t. e ~M z > s ^) d\. 



6. Concluding remarks 

6.1. Additional identities for complex Hermite and Laguerre polynomials. We begin 
with the following for complex Hermite polynomials 

fl-,(,, + |) = <=ap- ± 4^T1h^, J*) (6.D 
which follows from (13.11 ) and ( j4. 1 If) . It yields in particular the following one 

H m ' n (z, z* + l) = (-l) mYn v - M H m ' 3 (z, z*). (6.2) 

j=0 3\ n J)- 
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An other identity that can we derive for Laguerre polynomials is 



(_l)( m Yn) n ! 

Lmm (z(uz* + — )) = l - m , — — rrZ 

2 y/u (m Y n)\ 



p* (_ 1 MmYnJ„| p 
\ m - n \ ( ^( ,,^* _i_ — v i __-y( n ~ m ) r f^z* _|_ 2 \(m—n)Y0 



X 



3=0 



3- {n-j y 



(6.3) 



It follows from (I4.14D combined with (13. ID . and gives rise in particular to 



+ 2 ) = (-i)'V*-™^ 



3=0 



H m 'i{z,z* 

jK n -j)' 



for m > n and 



77 ' » — - 

L n m - m ( ZZ * +z) = (-ir-^* + i) m - n 

fib. 



3=0 



H m > j (z,z*) 
j\(n-j)\ 



(6.4) 



(6.5) 



for n > m. 

From (16 .41) and (16 .51) one can deduce also the following 

" H m ' j (z z*) 
n\(z* + l) m ' n ■> ■ = m ^ m ~ 



3=0 



n j^ H^(z,z*) ^ 
p£ j!(m- j)!' 



(6.6) 



where we have assuming m > n. 



6.2. Illustration: Matrix representation. Here we illustrate some obtained results making 
use of the matrix representation of a polynomial 

m,n 

P m ' n (z,z*) = Y,PikZ j z* k 

j,k=0 

of degree m in z and degree n in z* . Thus the entries of the matrix representing P m ' n (z, z*) 
are the coefficients pjt (corresponding to the monomial z^z* h ) in such expansion, i.e., 



P m ' n (z, z*) 



1 / 

z 



1 z* 

Poo Poi 
Pio Pn 



z^ 



POn 
Pin 



\ PmO Pml Pmn J 

In the sequel we consider only the polynomials (25™' n (;z, z*|£) with m = 77, so that one deals 
with square matrices. In this case the polynomials <3™ ,m (z, z*\£) reduce further to 

l-k 



m I 

<S™> m (z,z*\0 = (-ir(m\) 2 J2J2 

1=0 k=0 



-u) 1 [i z 



\2k 



l\{m-l)\ (l-k)\ k\ 



(6.7) 



and one asserts that the monomials z* 3 \z\ 2k , j ^ 0, do not appear in the expansion. Hence 
(25™' m (z, z*|£) are represented by triangular square matrices [s , Zfc(£*)]j fc _ i ... m i whose entries 
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gik(C) are S iven by 



(-i)'^ fc (c 
l\(m-l)\kl(l-k)\ \ 2 





-l) m (m\) 2 



l—k 



if k<l 

if k>l 



Furthermore, one can remark that the complex Hermite polynomials H m,k (y/vz, \fvz*\ k = 
m, m — 1, ■ ■ • , 0, up to a precise multiplicative constant C mt k(C,*), are respectively the successive 
diagonals of the polynomial <3™' m (z, z*\£). In fact this observation is contained in the formula 
(13.11) . For illustration, we consider the case where u = 1 and £ = 2 for which (I3.ip reads simply 
as 



0f' m (z, z*\2) 



m ■ 

Em! 
k\(m - k)\ 



■ H m > k (z,z*). 



Added to z,z*\2) = (l) the first few of these polynomials are given by 



(6.8) 



©i ,2 o,z*|2; 

ii 

ES o 

i m 



(gf (2,2*|2) 



^' 3 (z,z*|2; 



/ [2I \ 



/ 



-4 ^ 

v 1 2 h y 



and 



18 18 



-9 



V 



\ 



-18 

3 3 coy 



Their analogues for the complex Hermite polynomials are H 0,0 (z, z*) = (l), 

H^\z,z*) 



H^(z,z*) 
n 

Hj' 



1 



/ 



\ 
Pi] 
V coy 



and 



/ 


-6 








\ 







18 
















a 





\ 














Hence, the complex Hermite polynomial H m ' m (z, z*) appears as the principal diagonal of its 
analogue (3™ ,m (z, z*\2) (which also is the first column in such matrix representation). Indeed, 



Diag 



-l) m (m\) 2 h 



-1) 



b kk 



(k\) 2 (m-k)\ 



fc=0,l,--- ,m 



jjm, m , *y 
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This can be deduced also from (16.81) . Further, one notes, when taking m = 3 for example, that 

added to 1 • H 3 ' 3 (z, z*) given above, we have 

3-H 3 ' 2 (z,z*) 

ii ii 

/ o o oo\ / o o o o \ 

18 000 0000 

-18 ' -9 

\ 30/ \ 3 / 



and therefore the complex Hermite polynomials H 



/ \ 





\ 1 / 

k = 3, 2, 1, 0, are respectively the 



successive diagonals of the polynomial <3l' 3 (z, z* |2). 

An other fact to be signaled here is linked to the established fact in Eqn. (b), 



d 



n 



■<5™' n (z,z*\0 = -® 



m,n— 1 , 



di*' u v "'" " , 2 

which can be used to obtain <&™> m ~ l (z, z*\£) from <5™' m (z, z*\£) (and in general <5 n J' n ~ l (z, z*\£) 
from &™ ,n (z, z*|£)). It is more practicable than Eqn.(d) when the matrix representation is 
used. Indeed, we have the following prescription: by dropping the last column of <3™' n (z, z*\£) 
and next differentiating all the entries of the obtained matrix w.r.t. £*, we get the matrix 
representing (m/2)(3™' m ~ 1 (z, z*\£). For illustration, we take for example m = 4. The sum of 
the complex Hermite polynomials H m,k (y/i>z, -Jvz*\ k = 4,3,2, 1,0, according to (13.11) . infers 
the GCHP ® 4 /(z,z*\Z) given by 



24 

-96(£ 

72* 
-16(^/2) 

4 





-96u 



144, 



-48, [ 4 



V 



4,[ I 






72z/ 2 



!8, 2 (f 



6, 2 f^ 








-16, 3 



\ 








and therefore (from the fact (z, z*\£) 

( 

-24 



4,3(|) 
<^> 3 (z,z*|0) we get 



36(| 
-12^ 





36, 

-24, ( £ 



3,(V 







-12, 2 



3, 2 f| 









\ 



A CLASS OF GENERALIZED COMPLEX HERMITE POLYNOMIALS 



13 



Acknowledgments. 

The author is indebted to Professor S. Thangavelu for the interest that he yields for this work 
and to Professor M. Lassalle for his suggestions which led the paper its final form. Special 
thanks are addressed to Professor A. Intissar for his encouragements. The author would like to 
thank also the anonymous referee for bringing Wiinsche papers to his attention. 

References 

[1] G. Dattoli, Incomplete 2D Hermite polynomials: properties and applications. J. Math. Anal. Appl. 284, no. 
2 (2003) 447-454. 

[2] A. Intissar, A. Intissar, Spectral properties of the Cauchy transform on L 2 (C; e~' z ' dX). J. Math. Anal. Appl. 
313, no 2 (2006) 400-418. 

[3] I. Shigekawa, Eigenvalue problems for the Schrodinger operators with magnetic field on a compact Riemann- 

ian manifold. J. Fund. Anal. 75, no. 1 (1987) 92-127. 
[4] S. Thangavelu, Lectures on Hermite and Laguerre expansions. Mathematical Notes, 42. Princeton, NJ, 1993. 
[5] A. Wiinsche, Laguerre 2D functions and their application in quantum optics. J. Phys. A, 31 (1998) 8267- 

8287. 

[6] A. Wiinsche, Transformations of Laguerre 2D-polynomials with application to quasi probabilities. J. Phys. 
A, 32 (1999) 3179-3199. 

Alia I Ghanmi (Current address) 
Center for Advanced Mathematical Sciences, P. O. Box 11-0236, 
College Hall, 4th Floor, American University of Beirut, Beirut, Lebanon 

Permanent address 
Secteur E, N 380, Hay Errahma, 11 000 Sale, Maroc 

E-mail address: allalghanmi@gmail.com 



